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Abstract. Using techniques from the homotopy theory of derived categories and noncommuta- 
tive algebraic geometry, we establish a general theory of derived microlocalization for quantum 
symplectic resolutions. In particular, our results yield a new proof of derived Bcilinson-Bcrnstcin 
localization and a derived version of the more recent microlocalization theorems of Gordon-Stafford 
|GSlllGS2] and Kashiwara-Rouquier |KR) as special cases. We also deduce a new derived microlo- 
calization result linking cyclotomic rational Cherednik algebras with quantized Hilbert schemes of 
points on minimal resolutions of cyclic quotient singularities. 



1. Introduction 

The Localization Theorem of Bcilinson-Bcrnstcin (cf. |BB] ) introduced the powerful methods 
of Hodge theory into the representation theory of complex semisimplc Lie algebras, with spectac- 
ular consequences. More recently, there has been progress (cf. [MVj . [GSlj . |GS2) . [KRj . [BKuj . 
|BLP Wj ) toward a theory of microlocalization, i.e. localization on (an open set of) the quantized 
cotangent bundle, that would apply to a broader class of interesting and important algebras, includ- 
ing Chcrednik-typc algebras. 

In the present paper, we establish a general theory of derived microlocalization for many quantized 
symplectic resolutions, as well as more general quantized birational symplectic morphisms. First, we 
consider algebras obtained by quantum Hamiltonian reduction from quantizations of smooth afhnc 
symplectic varieties with group action. A principal source of examples of such quantizations comes 
from rings of differential operators on affine varieties with group action; the resulting Hamiltonian 
reductions are then rings of global twisted differential operators on algebraic stacks. Under reason- 
able technical hypotheses (Assumptions I3.2[) that hold in examples of interest, we prove that the 
representation categories of such algebras are derived equivalent to microlocal derived categories on 
open sets in the symplectic quotient stack, whenever the natural pullback functor is cohomologi- 
cally bounded. In a second direction, we describe an analogous derived localization theorem for 
deformation quantizations of arbitrary symplectic resolutions. 

Our approach results in new proofs of known derived equivalences for enveloping algebras [BBUBGj 
independent of the original Bcilinson-Bcrnstcin approach. It also establishes the derived version of 
microlocalization of rational Cherednik algebras of type A |KR] and hypertoric enveloping algebras 
|BKuj . and yields a new derived microlocalization theorem relating cyclotomic rational Cherednik 

algebras with quantizations of the Hilbert schemes (C 2 /T)[™] of points on minimal resolutions C 2 /T 
of cyclic quotient singularities. Along the way, we develop many basic properties of the microlocal de- 
rived categories, including compact generation, indccomposability, and, in the case of quantizations 
of cotangent bundles, an equivalence between the two natural definitions of derived categories. 



1.1. Microlocalization Theorem. Suppose W is a smooth afhnc complex symplectic variety, 
equipped with a Hamiltonian action of a connected reductive group G and moment map \x : W — > q* . 
A standard source of examples comes from smooth afhne varieties Z equipped with G-action; then 
taking W = T*Z, the moment map /i : T*Z — > g* is the dual of the infinitesimal G-action 
on Z. One can associate to the above data a naive, usually singular, affine symplectic quotient 
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X = At " 1 (0)//G = SpecC[M _1 (0)] G . Alternatively, choosing a character x '■ G — > G m = C*, one 
can define (as in Section I3~2l a more refined quotient X = /i" 1 (0) // X G by geometric invariant theory 
(GIT). There is a natural projective morphism / : X — > X. In many interesting examples, the 
character x can be chosen so that X gives a symplectic resolution of the singular symplectic variety 
X (see the discussion in Section [3]) . 

One can also quantize the situation by replacing functions on W by a filtered noncommutativc 
algebra A whose associated graded algebra is C[W]. For example, in the case W = T*Z, the 
canonical choice of A is the ring T>(Z) of differential operators on Z. The method of quantum 
Hamiltonian reduction (Section I3.5j) yields an algebra U c (depending on a Lie algebra character 
c : g — > C) that functions as a quantum analog of the algebra C[X] of functions on X. Similarly, as 
we explain in Section POl there is a natural quantum analog D(£x{c)) of (the derived category of) 
X, defined in terms of a categorical localization. When W = T*Z and G acts freely on /x _1 (0) ss and 
so X is a smooth symplectic variety, this category is a category of modules over a twisted ring of 
microdiffcrential operators £y_(c) on the open subset X of the cotangent stack T*(Z/G). There are 
natural quantizations Lf*, Rf* of the inverse and direct images L/*, R/* associated to / : X — > X. 

The main result of the paper is the following general criterion for showing that Lf * and Rf* define 
mutually quasi-inverse equivalences of derived categories. The criterion holds under a mild set of 
hypotheses (Assumptions [321) that are satisfied in a broad range of examples of interest. 

Theorem 1.1 (Theorem 17.21 and Corollary 17. 5[) . Suppose that /i, X, X, and f : X — > X satisfy 
Assumptions POl Then the following are equivalent. 

(1) The functor 

Lf* : D(U C ) D(£ x {c)) 

is cohomologically bounded (that is, preserves the class of complexes with cohomologies in 
only finitely many degrees). 

(2) The functor Lf * defines an exact equivalence of bounded derived categories. 

If X is a smooth variety obtained as the quotient of the semistable locus /i _1 (0) ss by a free G-action, 
then these conditions are also equivalent to: 

(3) The algebra U c has finite global dimension. 

Since condition (3) always implies condition (1) we obtain: 

Corollary 1.2 (Corollary 17. 6[) . If U c has finite global dimension, thenU* is an exact equivalence 
of (dg or triangulated) categories. 

We note that, in fact, abelian equivalences are known in some examples, cf. for example |GSlj . 
|GS2j . |KR| . [BKu] ; related results were also known to K. Kremnizer, I. Grojnowski, and Braden- 
Licata-Proudfoot- Webster |BLPW2) . 

Theorem 1 1 . 1 1 has the following immediate consequence: 

Corollary 1.3. Suppose that U c and U c +dp both have finite global dimension, where p : G — >• G m is 
a character. Then D(U C ) and D(U c +dp) are equivalent. 

In particular, the corollary provides derived equivalences between Cherednik algebras even when the 
natural shift functors "cross walls." We also remark that the theorem does not depend on the group 
character x — m particular, if derived microlocalization holds for one such x then it holds for any 
other. 

The conditions of the theorem are known to be satisfied in many instances. In Section I7.4[ we 
describe an interesting class of examples, namely the spherical Cherednik algebras associated to 
wreath products of cyclic groups. Let (j< = Tc SL(2) denote a cyclic subgroup. The symmetric 
group S n acts by permutations on the product T n , and the semidirect product group is the wreath 
product, denoted by S n }fi£. By construction, the wreath product is realized as a group of symplectic 
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reflections (in the n-fold product of C 2 ); the associated spherical rational Cherednik algebra Uk, c 
depends on parameters k € C and c G C e ~ 1 . In |Go[ lEGGOj . this algebra is realized via quantum 
Hamiltonian reduction. As we explain in Section 17.41 combining the constructions of |Gol lEGGOj 
and the result of |DG] on the aspherical values of the parameters gives the following result: 

Corollary 1.4. For the spherical Cherednik algebra Uk, c associated to the wreath product S n I [ig, 
the junctor D(Uk jC ) — ^ D(Sx(k, c)) is an exact equivalence of triangulated categories away from a 
finite collection of hyperplanes described by Proposition \7.11\ 

An explicit combinatorial description of these hyperplanes is given in Section [7.4) since the notation 
is a bit involved we refer the reader to that section for details. 

Thcorcm ll.il also generalizes to non-affinc situations in which a a good quotient (in the GIT sense) 
exists; see Section [7761 and especially Theorem l7.13l for more details. Here is a sample application. 
It is shown in jFGj how to realize Etingof 's |Etl| type A Cherednik algebra of an algebraic curve C 
by quantum Hamiltonian reduction. Derived microlocalization then follows from Theorem 17.131 for 
the type A Cherednik algebra of an arbitrary smooth C whenever the sheaf of spherical algebras U c 
on Sym"(C) is locally of finite global dimension. Using etale charts on C, one reduces to C = A 1 to 
show that this happens for the "usual" values of the parameter: 

Corollary 1.5. Let C be a smooth algebraic curve. Let U c denote the sheaf (on Sym™(C) ) of spheri- 
cal subalgebras of the type A rational Cherednik algebra of C as defined in [Etl] . Let D(£, T , c y„](c)} 
denote the associated microlocal category. Then 

D(£ (T , c)M (c)) ~ D(U C ) provided c £ {-- eQ\l<p<q<n}. 

Another interesting class of examples comes from the Mori dream spaces |HKj . a class of vari- 
eties that includes flag varieties, spherical varieties, and toric varieties as special cases. The main 
constructions of the paper can be extended to the setting needed for derived (micro)localization for 
Mori dream spaces. As a consequence, one can reprove derived localization |BGj for flag varieties 
independently of the classical method of Beilinson-Bernstein, and in particular using only the max- 
imal torus H and not the full Borel action. This example also lends particular interest to condition 
(1) of Theorem ll.il since it is shown in |BMRj that it is quite easy to check that Lf* is cohomolog- 
ically bounded (for twists by regular central characters) — significantly easier than to prove that the 
corresponding central reduction of the enveloping algebra has finite global dimension. Thus, as we 
explain in Section 17.31 our approach also gives a new proof for finite global dimension of the central 
reductions of the enveloping algebras of scmisimplc Lie algebras (albeit one that is certainly not 
simpler than the approach via [BBj ). We discuss only the flag variety case in Section 1731 we expect 
to return to the more general subject of Mori dream spaces elsewhere. 

Finally, in Section 17.51 we very briefly explain a version of our main theorem in the context of 
deformation quantizations of symplectic resolutions. 

1.2. Methods. Our approach to Theorem 1 1.1 1 is. in spirit, similar to the derived Beilinson-Bernstein 
localization theorem of jBMRj . Namely, it is easy to see that the induction functor Lf* is faithful, 
with left quasi-inverse given by its right adjoint Rf*. The trick is then to see that the kernel of Rf* 
and image of Lf* give an orthogonal decomposition of D(£x(c)), and furthermore that the latter 
category is indecomposable; this would give the equivalence. Unfortunately, we cannot see how to 
adapt the method of |BMR| . using the Calabi-Yau property and two-variable Serre duality, directly 
to establish these properties: |BMRj relied heavily on the Azumaya property, i.e. the large centers 
of the noncommutative rings appearing. 

Instead, we take something of a detour through more homotopical methods, establishing as in 
[Ne] the existence of a right adjoint f ! to Rf* and proving that it commutes with colimits|J We 
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then compute the right adjoint on some objects using a more classical version of (noncommutative) 
Serre duality. Although this version of Serre duality is likely a consequence of the powerful duality 
framework developed by Yekuticli-Zhang (see |YZ2j and references there), we develop it by using 
Cech methods to reduce to the commutative case; this has the additional advantage of proving 
quasi-properness of the functor Rf*. Once we have computed L on enough objects, it follows that 
Lf* = f, and a small modification of the argument of |BMR| finishes the proof. 

Along the way, we establish a number of fundamental properties of the microlocal category 
D(£x(c)). For example, we prove that D(£x(c)) is compactly generated (Proposition 14.13)) and 
indecomposable (Proposition 14. 15]) . and that, in the differential operator case, the two natural defi- 
nitions of D(£x{c)), as the derived category of a corresponding abelian category and as a category 
of weakly equivariant complexes that are only homotopically strongly cqui variant, are equivalent 
(Proposition l4.lTj) . Although many of these properties play important roles in our proofs, they 
should also be understood as establishing basic features of the microlocal derived categories that 
make clear that they are suitable objects for geometric study. 

1.3. Acknowledgments. The authors are indebted to David Ben-Zvi for extensive conversations, 
and for patiently answering numerous questions about compactly generated categories; and to Toby 
Stafford for teaching them about noncommutative Cech complexes. The authors are grateful to 
Gwyn Bellamy, Iain Gordon, Travis Schedler, and Ben Webster for very helpful comments and 
suggestions. 

The first author is supported by a Royal Society research fellowship. The second author was 
supported by NSF grant DMS-0757987. 

2. Equivalences of Derived Categories 

In this section, we lay out a general framework (following the technique of Bridgcland as applied in, 
for example, |BMR| ) for proving derived equivalences. We also summarize some basics of compactly 
generated categories. 

2.1. General Techniques for Derived Equivalence. Let C,D be triangulated categories and 

F : C ^ D:G 

an adjoint pair of exact functors. Consider the following conditions: 
(CI) D is compactly generated. 
(C2) G preserves coproducts. 

(C3) G takes a set S of compact generators of D to compact objects of C. 

Proposition 2.1. Suppose that C, D are triangulated categories with an adjoint pair F : C ^ D : G 
of exact functors. 

(1) If these data satisfy conditions (C1)-(C3) above, then G has an exact right adjoint F' : C — > 
D that preserves colimits. 

(2) //, in addition, the following conditions are satisfied: 

(C4) There is a set S of compact generators of C for which F(U) = F\U) for all U E S. 
(C5) The adjunction Iq — > G o F is an isomorphism. 
(C6) D is indecomposable. 
Then F, G are mutually quasi-inverse equivalences of categories. 

Proof. Conditions (CI) and (C2) imply F ] exists by Theorem 4.1 of [Nej . Condition (C3) implies 
that F- preserves coproducts by Theorem 5.1 of [Nej ; then F' preserves colimits by Lemma [231 
below. 

To prove the equivalence statement, we apply the following criterion: 
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Lemma 2.2 (cf. [BMRj . Lemma 3.5.2). Let F : C — > D be a faithful exact functor of triangulated 
categories with a right adjoint G : D — > C such that 

(1) the adjunction 1 — > G o F is an isomorphism; 

(2) the functor G has a right adjoint H : C — > D; 

(3) the functors F and H have the same essential image; and 

(4) the category D is indecomposable. 

Then F, G, and H are equivalences. 

By this lemma (and conditions (C5) and (C6)), the final claim of Proposition 12.11 will follow once 
we show that F and F' have the same essential image. But this follows from condition (C4) by 
Lemma l2~6l This completes the proof of Proposition |2~T1 □ 

Lemma 2.3 (Lemma 4.1 of |B5N| ). If F' preserves coproducts then it preserves all small colimits. 

Lemma 2.4 (cf. Lemma 2.7 of [BNa| ) . Suppose that F : C D : G form an adjoint pair of 
functors. 

(1) If G preserves colimits (i.e. is continuous,) and d £ D is compact then F(d) is compact. 

(2) If G is faithful and S is a set of generators of G then F(S) is a set of generators of C. 

Lemma 2.5 ( |Luj . Lemma 4.7.2). Let A be a (possibly noncommutative) C-algebra. The compact 
objects of D(A) are the perfect objects, i.e. the objects quasi- isomorphic to bounded complexes of 
finitely generated projective left A-modules. Moreover, D(A) is compactly generated, and every object 
is a small colimit of compact objects. 

We will make use of the following general fact: 

Lemma 2.6. If C is a compactly generated dg category, then every object of C is a colimit of 
compact objects. More precisely, if S is a set of compact generators and S denotes the smallest full 
triangulated subcategory of C containing the objects of S, then every object of C is a colimit of a 
diagram in S . 

Proof. This is a version of Lemma 2.2.1 of |SSj . □ 

3. Group Actions and Classical Hamiltonian Reduction 
Basic Assumption. Throughout the paper, we assume all varieties W and groups G are connected. 

3.1. Conventions on Group Actions. Suppose a group G acts on a smooth variety W. Given a 
character x '■ G — > G m , we make the trivial line bundle L = W x A 1 into a G-equivariant line bundle 
via g ■ [x, z) = (g ■ x, xi.9) z )- We will use the following conventions. 

Suppose that W is affine. For f 6 C[W], g g G, we let (g ■ f){x) = fig^x). If W = T*Z, and 
/ g C[Z], 6 e V(Z), and g g G, we let (g ■ B){f) = g ■ {O^ 1 ■ /)). 

Recall that a function / : W — > A 1 is a relative invariant or semi-invariant of weight x if 
f(g ■ x) = x(g)f( x ) f° r all g e G and x g W. Suppose that F:W->L = WxA 1 isa section, 
and write F(x) — (x, f(x)) for a function / : W — s- A 1 . Then g ■ F(x) = {gx,x{9)f{ x ))i an d so F is 
G-equivariant if and only if / is y-semi-invariant. 

We write C[W] G,X for the x-semi- invariant functions on W. 

Example 3.1. Let W = C n+1 with G m acting via the vector space structure. Letting x( w ) = w > 
we find that a x-semi-invariant is a homogeneous polynomial of degree I, i.e. a section of 0{€) on 
P n . 
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3.2. Classical Hamiltonian Reduction. Suppose that G acts on a smooth affine symplectic 
variety W with symplectic form CI. We assume that W is equipped with a G-equivariant moment 
map fj, : W — > g*. 

Main Example. Our principal example throughout the paper will be the following. Suppose G 
acts on a smooth affine variety Z. The G-action induces an infinitesimal g-action /i : g — > H°(Tz), 
which can be interpreted as a vector space map g — > C [T* Z] . The latter map thus defines a map of 
varieties (which we denote by the same symbol) /i : T*Z — > g*, the classical moment map for the 
group action. 

Given a smooth affine symplectic G-variety W with moment map n, write 

X = ^\0)//G = SpccC^-^O)] 

for the affine quotient variety. This is a (typically singular) algebraic variety. 

We will proceed to choose an additional character % : G — > G m of the group gQ As in |Ki) . this 
yields a variety 

X = M- 1 (0)// x G = Proj (0C[ / ,- 1 (O)] G *') . 

The variety X comes equipped with a projective morphism / : X — > X. We make the following 
assumptions: 

Assumptions 3.2. 

(1) The moment map /i is flat. 
(2a) The affine quotient X = fi~ 1 (0)//G is Gorcnstein with trivial dualizing sheaf ujx — Ox- 
(2b) The GIT quotient X = ^i _1 (0)/ x G is Gorenstein with trivial dualizing sheaf = Ox- 

(3) Under the morphism / : X — > X, we have Rf^Ox = Ox- 

By Grauert-Riemenschneider, if X is smooth, X is normal, and / is birational, then (2a) and (2b) 
together imply (3). In the next sections, we discuss conditions under which the assumptions hold. 

3.3. Flatness of the Moment Map. We discuss flatness of fx for W = T*Z. 

Lemma 3.3. Suppose that W = T*Z where Z is a smooth variety with G-action and the G-action 
on W is the one induced from Z. Let [i : W — > g* denote the moment map and N = /.t _1 (0). Then 
the following conditions are equivalent: 

(1) The map fi is flat and dominant. 

(2) N is a G-equivariant complete intersection in W of dimension dim(W) — dim(G). 

(3) N has dimension 2dim(Z) — dim(G). 

(4) Letting [Z/G] denote the quotient stack, dhn(T*[Z/G]) = 2dim([Z/G]). 

(5) One has codim{?/ € [Z/G] \ dim(G y ) = n} > n for all n > 1. 

Definition 3.4 (Bcilinson-Drinfeld, Page 6 of |BDj ) . We call [Z/G] satisfying the conditions of 
Lemma 13.31 good or good for lazybones. 

Example 3.5. Suppose G is a torus. Then, because subgroups of G do not come in continuous 
families, the stabilizer of a generic point of Z equals the kernel of G — >• Aut(-Z). Then by Remark 
9.2(5) and Proposition 9.4(2) of [Schj . after replacing G by its image in Aut(Z) the moment map 
becomes flat. 

Example 3.6. Associated to any finite subgroup T c SL(2) and any n > 1 there is a representation 
Z = M(T, n) of a reductive group G = G(r, n) [GGj . It is shown in jGGj that the moment map for 
this W = T*Z and G is always flat. 



Later, when doing quantum Hamiltonian reduction, we will choose a Lie algebra character c : g — ¥ C; these 
choices need not be related. 
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Flatness of the moment map in a general quiver setting is characterized in |CBj . 

3.4. Gorenstein Property and Rational Singularities. Assumption I3.2T 3) is a weak version 
of X having rational singularities: one could say X "has rational singularities with respect to X." 
Indeed: 

Remark 3.7. If X is smooth and / is birational then Assumption I3.2f 3) exactly says that X has 
rational singularities. Note that it implies, in particular, that X is normal: if not, then the map / 
would factor through the normalization X of X, and the composite Ox — > O? — > f*Ox would split 
Ox — > O x , which cannot happen because X is integral. 

Lemma 3.8. If G is a torus, then Assumption \3J3( 3) holds. 

Proof. By Examplc l3.5[ we may assume that the moment map is flat. Thus, pulling back the Koszul 
resolution K (g) -> C of the trivial C[g*]-module to C[W] gives a free equivariant resolution of 
C^T^O)] with terms C[W] <g> A k {g*); since G is abclian these are even equivariantly free. Note now 
that ^ _1 (0) ss = W ss n /i _1 (0). It follows that, letting j : W ss «-> W denote the inclusion, we have 

that (Rj^O^-i^ys) ~ (Rj*Ow> ® K(g)) G . By (TJ, one has 

(Rj,Ow« ® A'( )) G ~ (Ow ® A'( )) G = Cl/i-^O)] . 
This completes the proof. □ 

Similarly, Assumptions I3.2f 2a). (2b), (3) are also understood in the case when / is a symplectic 
resolution, as the following shows. 

Lemma 3.9. If f : X — » X is a symplectic resolution, then \3. 2V 2a ).(2b).(3) hold. 

Proof. (2b) holds by hypothesis. By assumption, X is a symplectic variety, which by Proposition 1.3 
of [Beaj implies it is Gorenstein with rational singularities, so (3) holds. In particular, X is normal, 
so the top exterior power of the symplectic form on X sm extends to a nonvanishing regular section 
of u>x, proving (2a). □ 

3.5. Quantum Hamiltonian Reduction. Suppose again that G acts on a smooth affine symplec- 
tic variety W with moment map /i. 

We suppose throughout the remainder of the paper that A ssumvtions HOI hold. 

We assume that we are given a filtered quantization (A, F, fj,, <p) of our geometric setting. By this 
we mean the following. 

(1) A is a filtered noncommutative C-algebra whose associated graded gr A = gr F A comes 
equipped with an isomorphism <f> ■ gr A — > C[W] of Poisson algebras. 

(2) A comes equipped with a rational left G-action that preserves the filtration F and makes 
the isomorphism <f> : gr A — > C[W] G-equi variant. 

(3) A comes equipped with a G-equivariant Lie algebra homomorphism /i : g — > A± = F± A 
whose associated graded fi : g — >• gr x A equals the moment map for the G-action on W. 

(4) Letting a : g — > Endc(A) denote the derivative of the G-action on A, we have \p(z),9] = 
a(z)(Q) for all z 6 0, 6 G A. 

In particular, the G-equivariant grading on C[W] induced by <fi induces a G m -action on W that 
commutes with the G-action and makes fj, into a G m -cquivariant moment map for W. We refer to 
fj, : g — > Ai, and the induced associative algebra map (which we also denote by fj,) /x : U(g) — >• A, as 
quantum moment maps. 
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Main Example. Suppose G acts on a smooth afBne variety Z. Let W = T*Z and A = T>(Z), the 
algebra of differential operators on Z. The infinitesimal g-action fj, : g — > H°(Tz) can be interpreted 
as a map g — > of Lie algebras. The map /i thus induces a homomorphism of associative 

algebras fi : U(g) — > V(Z), called the quantum moment map. Both algebras are naturally filtered 
(we use the filtration by order of differential operators on T>(Z)) and the associated graded map 
agrees with the classical moment map defined above. 

Construction 3.10. Given a Lie algebra character c : g — > C, we define a twisted quantum moment 
map [i c : g — >• Ai C A by jj, c {z) = fi(z) + c(z) for z € g. 

Suppose from now on that W is smooth and affinc and that G is reductive. We form the quantum 
Hamiltonian reduction U c of A as follows. Define 

M c = A/A Mc ( ) and M] d = /x c ( )A\A. 
Taking G-invariants gives an algebra 

U c d = l M^(Mtf. 

Note that, although M c is only a left A-modulc and not an algebra, the submodulc (A/i c (g)) is 
actually a two-sided ideal in A G and so U c is an algebra. Moreover, then M c is a (A, t/ c )-bimodulc 
and M\ is a (U c , A)-bimodule. 

Remark 3.11. As explained in Sections 1.7 and 1.8 of [BB], in the case W = T*Z, A = T>(Z), the 
algebra U c can be interpreted as the algebra of global sections of a D-algebra, or more precisely an 
algebra of twisted differential operators, on the quotient stack Z/G. Under this interpretation, one 
has U c = H (V z/G (O(c)). 

Example 3.12. Let Z = C n+1 and G = G m acting with weight one. Let W = T*Z and A = V(Z). 
Let xO) = w, so 0(x) corresponds to 0(1) on P n C Z/G. Then M c = V/V(e + c) where 
e = — Xid Xi is the Euler operator for the G m -action. If / is a homogeneous polynomial of degree 
d, then e • / = — d ■ /, so (e + d)f ~ 0. Thus M<j is a P-modulc through which the natural 2?-action 
on sections of 0{d) factors, and it turns out that H°(V x/Gm (0{x) d )) = V Vn (0{d)). 

The filtration F on A induces a filtration on the subalgcbra A G of G-invariants and thus also a 
filtration on the quotient U c . Since G is reductive we have 

gr(A G ) - C[W] G . 

Lemma 3.13. The algebra U c is Auslander Gorenstein with rigid Auslander dualizing complex 
H5* = U c . The Rees algebra 1Z(U C ) is Auslander Gorenstein with rigid Auslander dualizing complex 
®TKu e )=K(U c ). 

Proof. Since X is Gorenstein with trivial dualizing sheaf (Assumption EL2l^2a)), Theorem 3.9 of 
|Bj2[ implies that U c is Auslander-Gorenstein; Theorem 5.3 of |Ekj implies that 1Z(U C ) is Auslander 
Gorenstein. Example 2.3(a) of |YZlj then gives the statements about dualizing complexes. □ 

We write 

D A (-) = RHom A (-, A) and ©u c (-) = RHomc/ c (-, U c ) 
for the (Verdicr) dualizing functors. 

As we have remarked, by construction, the left A-module M c defined above is naturally a (A, U c )- 
bimodule. Since /j, is flat by assumption, Proposition 2.3.12 of |Bjl| yields that A is a flat L7(g)-modulc 
via n c . Thus, we get a free A-resolution of M c as A <E>u(s) C-(g), where G(g) ~ U(g) A*(fl) i s the 
Chevalley-Eilcnbcrg resolution of the trivial one-dimensional U (g)-module. 

Lemma 3.14. We have M\ = H)/\(M c )[g], the (shifted) Verdier dual of M c as a left A-module, where 
g = dim(G). 
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The proof is a calculation using the Chevalley-Eilenberg complex. 

The filtrations on M c and MJ induced from A are compatible with the nitrations on both A and 
U c , making M c and M\ filtered bimodulcs. 

Proposition 3.15. 

(1) With respect to the filtrations defined above, we have gr(M c ) = C[/i -1 (0)] = gr(MJ) as a 
(gr A,gr(U c ))-bimodule, respectively (gr(J7 c ),gr A)-bimodule. 

(2) M c and M\ are Cohen- Macaulay U c -modules. 

Proof. The first part is Proposition 2.4 of |Hoj ([Ho] is written in a D-module context but the proof 
works equally well in our setting). The second part follows from Cohen-Macaulayness of C[/j, _1 (0)], 
which follows from Lemma 13.31 □ 

4. Microlocal Derived Categories 

In this section we describe the (microlocal) categories of interest to us and establish some of their 
basic properties. The book KS is an excellent general reference for background on relevant topics. 
Given an abelian category C, we let D(C) denote its unbounded derived category: a good discussion 
can be found in |B5N| . 

We assume throughout this section that W is a smooth, affine symplectic G-variety (with G 
connected reductive) with quantization A as in Section 13.51 
An A-module M is weakly G-equivariant if: 

(1) M is equipped with the structure of a rational G-rcprcscntation, that is, it is a union of its 
finite-dimensional sub-representations; and 

(2) g ■ (9m) = (g ■ 9){g ■ m) for all m G M, g G G, and 9 G A. 

It is immediate from the definition that every weakly G-cquivariant A-module is the union of its 
weakly equivariant submodules that are finitely generated as A-modulcs. 

Let (A, G) — mod denote the abelian category of weakly G-equivariant left A-modules with A- 
module homomorphisms respecting the G-actions. We also let D(A, G) denote the (unbounded) de- 
rived category of weakly G-equivariant left A-modules. The category (A, G) — mod is a Grothendieck 
category and thus has enough injectives (cf. Remark 2.5 of jVdBj ). 

Lemma 4.1. For any finite- dimensional representation V of G, the A-module A<S>V is a projective 
object of (A, G) — mod. In particular, (A, G) — mod has enough projectives. 

4.1. Twisted Equivariant Categories. Suppose that M is a weakly G-equivariant A-module. Dif- 
ferentiating the G-action on M gives an infinitesimal jj-action on M, i.e. a Lie algebra homomorphism 
a : g — > Endc(M). For z G g, a G A and m G M, it satisfies a(z)(am) = [/i(z), a] ■ m + a ■ a(z)(m) 
(the Leibniz rule). Given a Lie algebra character c : g — > C and the twisted moment map fi c defined 
above, one then defines 

1m,c ■ -» End A (M), z i y a{z) - /i c (z). 

We say that a weakly G-equivariant A-modulc is c-twisted G-equivariant or (G, c)- equivariant if 
7a/,c = 0; that is, if jm,o agrees with the composite 

— > C > EndA(A/). 

We write (A, G, c) — mod for the abelian category of (G, c)-equivariant A-modulcs. This category is 
a Grothendieck category and thus has enough injectives (cf. also Corollary 2.8 and Lemma 1.5.3 of 
(VdB] ). We remark that our definitions of weakly and strongly equivariant A-modules agree with 
the standard ones when A = T>(Z). 

We will also need (G, c)-equivariant right A-modulcs; wc briefly describe those now. Let G act on 
A on the right by the dual action. The infinitesimal right action is then given by fi r = — ji : q — > A. 
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A right A-module M equipped with a rational right G-action is weakly G-equivariant if (m ■ 9) ■ g = 
(m • g)(8 ■ g) for all g € G,6 E A,m E M. Given a weakly equivariant right module M we let a r 
denote the derivative of the right G-action (the superscript r is used to emphasize that it is a right 
action). We say a weakly equivariant right A-module M is (G, c)- equivariant if the endomorphism 
7m c = a> ~ (p r — c ) = 0; note the change in sign from Jm,c = cx — (fj, + c) for left modules above. 
Recall the (A, J7 c )-bimodule M c = A/ Ap c (g) and its dual MJ defined above. 

Lemma 4.2. The modules M c and M\ are (G,c)- equivariant. 

Lemma 4.3 (cf. Section 3 of Ka ). The natural forgetful functor 

sap c : (A, G, c) — mod ge *> (A, G) — mod 
has a left adjoint <£> c defined by 

(4.1) $ c (M)=M/(^7M,c(z)M). 

Similarly, the forgetful functor 

sap c : £>((A, G, c) - mod) -> D((A, G) - mod) 

/las Ze/i( adjoint L$ c . 

We next introduce some specific (G, c) -equivariant modules; these are a special case of the induc- 
tion functor described in Section 1431 Let p : G —¥ <& m be a character. We get a (G, c)-equivariant 

module M c (p) d = $ C (T> (g> p), where T>® p denotes A considered as a weakly G-equivariant A-module 
by twisting the G-action by p. A calculation shows that 7a®p,c = 7a, c-dp where dp : g — » C denotes 
the derivative of p. Hence M c (p) = M c -d p ® p as an (A, G)-module. 

4.2. Quantum Hamiltonian Reduction Functor. As above, we let (A, G) — mod denote the 
abelian category of weakly G-equivariant A-modules and (A, G, c) — mod denote the full subcategory 
of (G, c)-equivariant modules. 

We define the functor of quantum Hamiltonian reduction 

H : (A, G) - mod — >U C - mod 

by the formula 

(4.2) H(M) = Hom A (M c , M) G = Hom (AjG) (M c , M). 
Composing with sap c defines a functor 

H c = H o sap c : (A, G, c) - mod -*U C — mod . 

If M is (G, c)-equivariant, then it is completely reducible as a g-module under the action via p c . 
Thus, since g is reductive, as in (7.3) and (7.4) of |GGj . we have 

(4.3) Hom A (M C! M) = - M Mo(fl) = M\ ® a M 
for M E (A, G, c) — mod. Since G is reductive, we thus have: 

Lemma 4.4. 

(1) H c is an exact functor. 

(2) If G is connected and M is (G, c)- equivariant, then 

M C (M) = Hom A (M c ,M) = M G . 

(3) In particular, H C (M C ) = f/ c . 
In general, we have 

RHom A (M c , M) = M\\g] ® M. 
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4.3. Microlocal Abelian Categories. Suppose M is an A-module. If M is finitely generated over 
A, one may choose a good filtration and then SS(M) = supp gr(M) C W is independent of the 
choice of good filtration. For an arbitrary A-module M, we let SS(M) denote the union of SS(M') 
over finitely generated submodulcs M' C M. 

If M is weakly G-cqui variant, then SS(M) is a union of G-stablc closed subsets of W, hence itself 
G-stable. Fixing, as before, a character \, wc let W"" s denote the y-unstable subset of W, and let 
(A, G) — mod™ 3 denote the full subcategory of modules with singular support contained in W"" s , 
and similarly for (A, G, c) — mod. Both of these categories are localizing subcategories in the sense 
of Section III. 4. 4 of jPoj . In particular: 

Lemma 4.5. 

(1) The quotient abelian categories 

£x(c) - mod d = (A, G, c) - mod /(A, G, c) - mod uns 

and 

(A, G) - mod ss d = (A, G) - mod / (A, G) - mod™ 8 

exist and have enough injectives. 

(2) Letting 

7r c : (A, G, c) — mod — > £x(c) — mod 
denote the projection functor, a right adjoint 

T c : £x{c) - mod -> (A, G, c) - mod 
to ir c exists. Similarly, letting 

7T : (A, G) - mod — > (A, G) - mod ss 
denote the projection functor, a right adjoint 

T : (A, G) - mod ss ->• (A, G) - mod 

io 7r exists. 

Remark 4.6. In the case when G acts freely on /i" ^(OY 8 = M _1 (0) s , yielding a smooth quotient 
variety, the category D{£x{c)) has a more familiar geometric interpretation (which explains our 
notation). Namely, the microrestriction of the sheaf M c of (A, G)-modules to J tt _1 (0) s descends to 
a sheaf of filtered algebras Ax(c) on X, with associated graded sheaf Ox- The algebra Ax{c) is 
an analog of the sheaf of microdifferential operators on the cotangent bundle of a smooth variety. 
The abelian category £x{c) — mod comes equipped with a restriction functor to Ax(c) — mod, and 
similarly D(£x(c)) comes with a functor to D(Ax{c))- The restriction functor is faithful, and thus 
£x{c) can be understood as a category of modules for a microlocal sheaf of rings. 

Warning 4.7. The reader should be aware that the image of this restriction functor is not the entire 
category of quasicoherent Ax{c) -modules. This is the reason that modules in KR , BKu are required 
to admit (global) lattices: this condition is required for modules to lie in the essential image of the 
restriction functor. More details will appear in |McN] . 

We write £x(c) = tt c (M c ) and £x(c) &> p = 7r c (M c (p)) for a character p : G — > G rn . 
Lemma 4.8. We have 

RT c (£x(c)) = C'(M C ) ~ G'(A) ® u{s}) G( ), 
where G* denotes the Cech complex from Section 
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Proof. We have £x{c) = ir c (M c ) by definition. We thus have 

from Theorem 16.81 Now the definition of M c and the flatness of A over U(g) implies that 

W(C'(A) ® A M c ) = H l (C'(A)) ® m C(q), 

where (as above) G(g) is the Chevalley-Eilenberg complex. □ 

4.4. Microlocal Derived Categories. We define D(£ x (c)) to be the unbounded derived category 
of the abelian category £x (c) — mod. We will refer to this category as the microlocal derived category. 
We refer to |BoN] for basics of unbounded derived categories. 

Alternatively, we can perform a quotient operation for the (dg enhanced, if one prefers) derived 
category D((A, G, c) — mod). Namely, we let D((A, G, c) — mod) uras denote the full dg subcategory 
consisting of objects whose cohomologics have unstable support in the above sense. The associated 
full triangulated subcategory is thick. Passing to the quotient category, which we also denote 
by D(£x(c)), wc obtain a dg enhanced triangulated category together with a cohomology functor 
H° : D(£x(cj) — > £x( c ) — mod (see |Drj . especially Appendix A). 

It follows from the next lemma that the two constructions agree. 

Lemma 4.9. Suppose that D = D(A) is the (bounded or unbounded) derived category of an abelian 
category A, T C A is a localizing subcategory, and D(A/T) is the (corresponding bounded or un- 
bounded, according to D(A) ) derived category of A/T . Let C denote the full subcategory of D 
consisting of objects whose cohomologics (with respect to the standard t-structure) lie in T. Then 
the canonical map D(A) — > D(A/T) induces an equivalence D(A)/C ~ D(A/T). 

Remark 4.10. The Vcrdicr duality functor M >->■ TDa(M) = M Houia(M, A) preserves singular support 
by Proposition D.4.2 of jHTTj (the proposition immediately generalizes to our setting). It follows 
that Verdier duality descends to the microlocal derived category; we denote this induced functor 
still by D. 

The remainder of Section r4.4l is not needed in the rest of the paper: we include it for completeness. 

In general, if S is a stack then the "correct" derived category of £>-modules on S is not equivalent 
to the derived category of the abelian category of 2?- modules (see Section 7.6 of [BP] or }BLj ). In 
general, one should proceed as follows. Suppose N' is a complex of weakly G-equivariant T>(W)- 
modulcs (with G-equivariant T>(W) -module homomorphisms). A (G,c)-equivariant V-complex is 

such a weakly G-equivariant N* together with a morphism g® N° A^*[— 1], Z ®n h-> iz(n), such 
that for any Z £ g one has 

i z = and diz + izd = jn> ,c 
(cf. Definition 7.6.11 of |BDj ) . One lets C(T>(W), G, c) denote the dg category of such com- 

plexes. There is a natural cohomology functor C(D(W), G, c) (V(W),G,c) — mod. Localizing 
C(V(W), G, c) with respect to quasi- isomorphisms gives a pre-triangulated dg category which we 
denote by Dh(U(W), G, c). The heart of the standard i-structure on Dh(T>(W), G, c) is exactly 
(V(W),G, c) — mod (Section 7.6.11 of jBDj ). One can then, as above, take the quotient by the thick 
subcategory of complexes whose cohomologics have unstable support to obtain a "homotopical" 
derived category, which we will denote by Dh(£x(c)). 

In general, this construction will not agree with the one we gave above. However, in our case we 
have: 

Proposition 4.11. Under Assumption \3.2V l). i.e. flatness of the moment map fj., the induced 
functors 

D((V, G, c) - mod) -> D h (V, G, c), D(£ x (c) - mod) -»• D h (£ x (c)) 
are exact equivalences of triangulated categories. 



DERIVED EQUIVALENCE FOR QUANTUM SYMPLECTIC RESOLUTIONS 13 

The proof reduces to (a twisted version of) Theorem 3.4 of |BLj : Assumption 13. 2f 1) guarantees 
that the hypotheses of that theorem are satisfied. Since we will not use this result elsewhere in the 
paper, we omit the full proof. 

4.5. Adjunctions and Compact Generation. In this section we prove that the microlocal de- 
rived category is compactly generated. 

We begin with a general fact. 

Lemma 4.12. Suppose that A is a (possibly noncommutative) C-algebra with rational G-action, 
where G is a reductive group. Then D((A, G) — mod) is compactly generated by the objects V ® A 
for finite- dimensional G -representations V . 

As in Lemma 14.31 there is an adjoint pair 

L$ c : D((A, G) - mod) *=> D((A, G, c) - mod) : sap c , 
where L<E> C exists by Lemma T4. II As in Section l4~3l there is an adjoint pair 

tt c : D((A,G,c) - mod) <=> D{£ x (c)) : RT C . 

Proposition 4.13. 

(1) The right adjoints sap c and WT C above preserve colimits. 

(2) The category D(£x{c)) is compactly generated. 

Proof. The only part of (1) that requires proof is that MT C preserves colimits. To see this, first 
observe that (A, G) — mod is locally noetherian, generated by the noetherian objects A® V for finite- 
dimensional representations V of G. Using the adjunction ($ c ,sap c ), one finds that the objects 
<E> C (A Cg> V) are noetherian and generate (A, G, c) — mod, so the latter category is locally noetherian. 
Part (1) then follows from Corollairc 1, Section III. 4 of [Gaj and |KS[ Proposition 15.3.3]. 

For part (2), apply Lemma 12.41 to the adjoint pair (ir c o L<I> C , sap c oRr c ), using part (1) for 
continuity of the right adjoint and Lemma [4.121 for compact generation of D((A, G) — mod). □ 

We will be interested below in some particular compact objects, namely the ones £x( c ) ® p = 
7r c M c (p) induced from line bundles. Note that, by Lemma |4~T1 A ® p is projective in (A, G) — mod; 
hence 

(4.4) 7T C M c (» = 7T C $ C (A ® p) = 7T C O L$ C (A 8) p). 

Lemma 4.14. For any character p : G — > G m and any M £ D(£x(c)), we have 

IHom^ (c) (^(c) ® p,M) S RT c (M) G ' p . 
Proof. Using the adjunctions described above, we have 

RHom £j(c) (^(c) ® p, M) = KHom(7r c o L$ C (A ® p), M) 

= RHom A (A ® p,RT c (M)) G = RT C (M) G ' P 
as desired, where the first equality follows from (|4.4[) . □ 

4.6. Indecomposability of D(£x{c)). 

Proposition 4.15. The microlocal derived category D(£x(c)) and the bounded subcategory D b (£x(c)) 
are indecomposable. 

Proof. Note that by Lemma [2^41 and part (1) of Proposition ^. 13[ the functors ir c and L<I> C both take 
compact objects to compact objects. It is then easy to see that that the Proposition follows if we 
can find a collection S of compact objects of D((A, G) — mod) for which 

(a) For each s £ S, the object tt c o L$ c (s) is indecomposable and lies in D b (£x{c)). 
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(b) For all t, t' £ tt c ° L<J> C (S), there is some i e Z for which 

Homi (£;E(c)) (M') ^ or Hom^. (c)) (t', t) ^ 0. 

(c) The set 7r c oL$ c (S") generates D(£ x (c)). 

Consider the object L = A ® x e given by twisting the trivial module by a power of the character \. 
The induced £ x (c)-module is £x(c) ® x^5 its associated graded object (for the standard filtration of 
M c as a quotient of A), as a coherent sheaf on X, is the twist S£ l of the ample line bundle if on I 
coming from the character X - It follows that £x(c) ®x l 1S an indecomposable object: any direct sum 
decomposition would induce a direct sum decomposition on the associated graded module (using 
the filtrations on the factors induced from the usual filtration on £%{c) <8>x^)j which however is itself 
indecomposable since X is connected. 

Choose an integer N for which ££ N is very ample, and let S = {A ® x aN [ n ] \ o,,n £ Z}. By the 
previous paragraph, S satisfies requirement (a). For requirement (b), we begin by observing: 

RHom (£ x (c) ® X aN ^x(c) 8> X bN ) = M? c (ir c (M c ( X bN ~ aN ))) G by LemmaEH 

= (C'(M c (x bN ~ aN ))) G by ThcorcmEU 

Let TZ(M C ) denote the Rees module associated to the standard filtration, and consider the Cech 
complex C*lJl{M c ){x bN ~ aN )) (Cech resolutions are reviewed in Section [6]). Proposition 16.91 and 
reductivity of G guarantee that 

H° (C' (TZ(M c )(x bN ~ aN ))f ®C[t]/(t)£* H°(C' (gr M c ( X bN - aN ))) G = H°(C'(^ bN ~ aN )). 

The latter space is nonzero for b — a > by very ampleness of if. Now Corollary 16. 101 implies that 
H° (C* (lZ(M c )(x bN ~ aN ))) G is a finitely generated 7?.([/ c )-module, and thus it follows from from 

Nakayama's Lemma (Theorem 2.17 of [GW]) that H°{C'{Tl{M c )(x bN ' aN ))) G ® C[t]/(t-p) ^ 
for generic p. But Proposition ^. 91 also guarantees that 

H°(C'(K(M c )(x bN - aN ))) G ® C[t]/(t -p)= C'(M c (x bN - aN )f 

for p ^ 0, which establishes (b). 

Next observe that if M is an object of (A, G, c) — mod, then by Lemma T4. 141 we have 

(4.5) RKom (£ x (c) ® X aN ,k c M) =Kr c (Tr c {M( X - aN )) G . 

For any complex x in £x{c) — mod, let x = WT c (x) (a complex in (A, G, c) — mod); then tt c (x) = x. 
Now Theorem 16.81 shows that Rr c (7r c (x)) ~ C'(x), and hence by reductivity of G that 

RRom(£ x {c)®x aN ,x) ^ C'(x( X ~ aN )) G ■ 

Now, assume x jk 0; then there exists an i such that, writing x as • • ■ — > x 1 ^ 1 — — > x % — > x l+1 —»•..., 
we have T-L t (x) = kcr(e? 1 )/ im(cf i_1 ) ^ 0. By exactness of ir c , it follows that W(x) ^ 0. Choose a 
finitely generated subobject M C W(x) in (A, G,c) — mod such that 7^ 7T C (M) C Tr c \W'{x)\ = 
H t (x). Let ./V be the preimage of M in ker(cf) C 2?, and choose a finitely generated N' £ N such 
that N' surjects onto M under ker(tf) -» H l (x). 

Claim 4.16. For a»0, the natural map 

Horn (£ x {c) ® x~ aN , KcN') — > Horn (£ x (c) ® x~ aW , tt c M) 

is nonzero. 
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If the claim is true, there are maps 

£x(c) ® X~ aN [-i] -> 7r c JV'[-i] -> x 

and the composite induces a nonzero map on "H 1 , namely £x(c) ® X~ aJV — ^ Tc-W £ T-i l {x). Hence, if 
the claim is true then statement (c) above is true, and the proposition is proven. 

Proof of Claim. Observe that the desired map of Horns is computed by 
(4.6) H°(C'(N')( X aN )) G -> H° (C* (M)(x aN ))° ■ 

By Corollarv l6.10[ these modules are finitely generated over U c . Equip N 1 with a good filtration as 
an object of (A, G, c) — mod, and give M the induced filtration as a quotient, so gr(N') — > gr(M) is 
surjectivc. Then H (C'(gr(N'))( X aN )) G -> H°(C m (gi(M))( X aN )) G is surjective for a > by ample- 
ness of fix such an a. Proposition ^. 91 guarantees that the Rees modules H° (lZ(C % (N')(x aN )))° 
and H° (lZ(C* (M)(x aN ))) G are finitely generated over 1Z(U C ) and have fibers at t = isomorphic 
to g°((7'(gr(jV'))(x ajv )) G and # (G'(gr(M))(x aJV )) G respectively. It follows from Nakayama's 
Lemma (Theorem 2.17 of [GW] ) that 

F°(7e((7'(^')(x aAr ))) G — ► F°(7e((7'(Af)(x aJV ))) G 

is surjective upon reduction to t = p for generic p, and hence by another application of Proposition 
El that H°(C'(N')(x aN )) G ~> H°(C'(M)(x aN )) G is surjective, as desired. □ 

As noted, this proves the proposition. □ 



5. Direct and Inverse Image Functors and Serre Duality 

In this section we define the functors that we use to relate the microlocal category with the derived 
category of C/ c -modules. We also state a version of Serre Duality in the quantum setting that will 
allow us to establish derived equivalences later. As in Section |H we assume throughout that G is 
connected reductive. 

5.1. Direct and Inverse Image Functors. Let / : X — >• X denote the morphism from the GIT 
quotient to the affine quotient. We define a quantization of the functor /* as follows. We define 

Loc : U c — mod — > (A, G, c) — mod 

by Loc(AT) = M c <&u c N (by Lemma [4.21 the functor Loc takes values in (A, G, c) — mod). Recall 
that 7r c denotes the quotient functor (A, G, c) — mod — > £x(c) — mod. We then let f * = ir c o Loc : 
U c — mod — > £x(c) — mod. 

Lemma 5.1. 

(1) We have Lf* = ir c o L Loc. 

(2) The composite f* = f H c o r c is right adjoint to f* , and Mf* = f H c o RT C is right adjoint to 
Lf*. 

(3) Rf*=RHom £3e(c) (£e(c),-). 

(4) The functor Mf t preserves colimits. 

We remark that a functor of abelian categories whose domain category is a Grothendieck category 
is known to admit right derived functors between unbounded derived categories; and a functor of 
abelian categories whose domain category has enough projectives is known to admit left derived 
functors between unbounded derived categories. Hence Lf* and Rf* are defined. 
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Proof of Lemma \5.1\ (1) follows from exactness of tt c ; (2) is a formal consequence of (1). For (3), 
we observe that 

RHom £i(c) (^(c),JV) = RHom ££(c) (7r c (M c ), N) = RHom (A , G , c) (M c ,Mr c (iV)) 

and apply statement (2) and the definition of H c . As in Proposition l4.13[ ir c M c is compact; (4) then 
follows from (3). □ 

Lemma 5.2. We have Mf*£x(c) = U c . 

Proof. By adjunction, there is a natural map M c — > MT C o tt c M c . Applying H c gives a natural 
map U c — > K.f*£x(c). Theorem 16.81 identifies this map with the natural map U c —> C°(M C ) G . By 
Proposition 16.91 and Assumption I3.2f 3) the map becomes an isomorphism on passing to associated 
graded modules, yielding the lemma. □ 

Proposition 5.3. The functor Rf* : D(£x(c)) —> D(U C ) has a right adjoint f ! . 

Proof. By Lemma l5~IT 4). Proposition 14. 13( 3) . |Ne| Theorem 4.1] implies this. □ 

Given a ring or sheaf of rings R, we write sPerf(i?) for the strictly perfect derived category of R, 
i.e. the full triangulated (or dg if one wants to work with enhancements) subcategory of the bounded 
derived category consisting of objects quasi-isomorphic to bounded complexes of free i?-modulcs. We 
write Perf(i?) for the perfect derived category of R, the smallest full (triangulated or dg) subcategory 
of the bounded derived category containing R and closed under retracts. One has the following easy 
equivalences: 

Proposition 5.4. The functors LP, Rf* induce adjoint pairs of functors 

Lf* : sPerf(£/ c ) <=> sPerf (£ x (c)) : Rf* 

and 

Lf* : Perf(£/ C ) *=> Perf(£ £ (c)) : Rf*. 

Moreover, these functors define quasi-inverse equivalences between the two (strictly) perfect derived 
categories. 

5.2. Serre Duality. Wc will need the following version of Serre duality. 
Theorem 5.5. The canonical homomorphism 

(5.1) RRom £x{c) {M,£ x (c)) -> R Romu a (Rf * M, Rf* £x(c)) = RHom[/ c (Rf»M, U c ) 

is an isomorphism for all M G D{£x{c)). 

Note that by adjunction, the statement is immediately equivalent to: 
Corollary 5.6. We have f'U c = £x( c )- 

The proof of Theorem 15.51 appears in Section |51 

6. Cech Complex and Proof of Theorem 15.51 

In this section, we lay out the basics of the Cech complex for localizations of T>. The story is 
standard (cf. |VW1| IVW2] for the basics) , but wc do not know a reference that does everything wc 
need in the form we need. We then prove Theorem [531 As in the previous two sections, we assume 
that G is connected reductive. 
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6.1. Local Modules. Let S C C[W] be a set of nonzero homogeneous elements (recall that C[W] 
is graded via its identification with gr A). Let S denote the smallest multiplicative set containing 
S; this consists of products of powers of elements of S. Let 5 sa t denote the saturation of the 
multiplicative subset S, i.e. the set of elements of A whose principal symbols lie in S. Then S sa ± is 
an Ore set [Lij, and we write (abusively) Qs(A) for the localization of A at the set 5 sa t- 

We record a few basic properties of Qs(A) that will be important for us: 

Lemma 6.1. 

(1) The algebra Qs(A) comes equipped with a homomorphism A — > Qs(A) that makes Qs(A) 
flat over A on both sides. 

(2) All elements s £ A whose symbol lies in S become invertible in Qs{A). Moreover, Q<?(A) is 
universal for algebra homomorphisms A — > R with this property. 

(3) Qs(A) comes equipped with a filtration F, for which Ffc(Qg(A)) n A = A k . Moreover, 
gr F (Q5(A)) = 5 _1 C[W]. 

(4) If M is a filtered A-module, then Qs(A) ®a M is naturally a filtered Qs(A) -module with 
associated graded isomorphic to S gr(A/). 

For the latter two properties, see [Lrj . 
One has an adjoint pair of functors: 

Ind^ s(A) = Q S (A) ® A - : A - mod t? Q S (A) - mod : Rcs^ s(A) , 

where Res^ s is the usual restriction functor. Note also that the localization Qs(A) can be realized 
as the filtered algebra 1Z(Qs(A))/(t — 1) associated to a graded algebra lZ(Qs(A)), namely the Rees 
algebra of Qs(A); moreover, lZ(Qs(A)) is flat over 1Z(A). One gets a similar adjoint pair for Rees 
modules. 

Lemma 6.2. We have 

Kcr (lnd^ s(A) ) = {AT I SS(M) C |J V(s)}. 

s£S 

The equality of the lemma is standard for finitely generated modules, and follows for all modules 
since both sides commute with colimits. 

6.2. Equivariant Microlocal Modules. Suppose now that a (reductive) group G acts on W, that 
X ■ G — > G m is a choice of character, and that S is a set of y^-semi-invariants (i.e. consists of 
elements s each of which is x £ ^~ semi- invariant for some £(s) > 0). Note that then the G-action 
preserves the set of elements of S up to scalars; as a result, G acts naturally on Qs(A). The 
localization Qs(A) is canonically a subalgcbra of the total quotient ring of A; in particular it is a 
rational (A, G)-module. The notion of rational (Qs(A), G)-module thus makes sense. 

The induction and restriction functors take weakly G-equivariant A-modulcs to weakly G-equivariant 
<2s(A)-modules and induce an adjoint pair on these subcategories compatible with the forgetful func- 
tors; the analog of Lemma 16.21 for the weakly G-equivariant categories is immediate. For any Lie 
algebra character c one obtains a composite q — ^ A — > Qs(A) (which we still denote by /i c ). Defining 
(G, c)-equi variance of modules by the same formula as for A, the induction and restriction functors 
restrict to an adjoint pair on the (G, c)-equivariant subcategories of the weakly G-equivariant cate- 
gories. Again, the analog of Lemma 16.21 is immediate. 

Corollary 6.3 (of equivariant Lemma 16. 2[) . Suppose that the set S as above satisfies \N uns C 
V(s) (where instability is taken with respect to \)- Then the induction functor Ind^ s( " A ' ) factors 

sGS 
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canonically 

(A, G, c) - mod 



Ind 



QsW 




£x(c) — mod *» (Qs(A),G, c) — mod 



through an exact functor £x(c) — mod (Qs(A), G, c) — mod. 
6.3. Adjoints. 

Proposition 6.4. The functor j s has a right adjoint, 

js* ■ (Qs(A), G, c) - mod £s(c) - mod . 

More precisely, 

(1) i/ie adjoint js* is given by js*M = tt c o Res A s (Af). 

(2) js* is exact. 

(3) Js* iafces injectives to injectives. 

Proof. Note that if an adjoint exists, then T c o js* = Res^ 3 ^' by uniqueness of adjoints, and so 

■ t> Qs(A) 

Js* = 7r c o T c o j s * = 7r c o Res A 

We will show that the given formula defines a right adjoint. Recall that 

Hom £x(c) (7r c M,^ c Res^ s(A) (iV)) = Hom (A ^ c) (AT, T c ^ c Res? s(A) (N)) 
by adjunction. We thus begin by proving: 

Lemma 6.5. If N = Res® s< " A \N), where N is a (G, c)-equivariant Qs(A) -module, then T c ott c (N) = 
N . Similar statements holds for weakly equivariant and non-equivariant modules. 

Proof. We have T c o ir c (N) = limiV' where N — > N' has kernel and cokernel with unstable support. 

First, observe that N contains no S' sa t-torsion submodule, in particular no submodulc with unstable 
support, so every N — ¥ N' is injective. Now, tensoring N —> N' with Qs(A) gives a map Qs(A) ®a 
N — > Qs(A) £S>a N' which is an isomorphism by Lemma IB~2l and the natural map TV — » Qs(A) ®a AT 
is split by the multiplication map Qs(A) ®a N — > N . Composing 

N^N'^ Q S (A) (8 A AT' ^> Qs(A) <8> A A> -»• TV 

splits the inclusion N N', and split maps do not contribute to the colimit. Note that the 
above proof docs not use cquivariancc anywhere, hence the second and third statements are also 
immediate. □ 

Returning to the proof of the proposition, we thus have 

Hom Mc) (ir c M,ir c Res% sW {N)) = Hom (A , G , c) (M,r c 7r c Res£ s(A) (i\0) 

= Hom (A , G , c ) (M, Res% s(A) (N)) by LemmaEI] 
= Hom (0s(A)Ac) (lnd« s(A) (A/),7V) 
= Hoi n(O s (A),G,c)(isvr(M),A r ). 

Since tt is essentially surjective, this proves the first statement of the proposition. The exactness 
statement is immediate from the formulation. Preservation of injectives follows from flatness of 
Qs(A) over A by Lemma T6.6I below. □ 
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Lemma 6.6. If F is a functor of abelian categories with an exact left adjoint, then F takes injectives 
to injectives. 

Proposition 6.7. Let M = j s *N e £ x (c) - mod. Then ET C (M) ^ Res^ s(A) (A^). 

Proof. Choose an injective resolution N — > I' . By Proposition 16. 4[ js*N — > js*I* is an injective 
resolution. Now 

RT c (j s *N) ~ r c j s *r S Res^ s(A) (J*) ~ Res? s(A) (iV); 
here the second isomorphism follows from Proposition 16. 4f 1 ) and Lcmma l6.51 and the third isomor- 
phism follows from exactness of Resj^ . □ 

6.4. Cech Complex. Choose a finite collection {/, < i < n} of nonzero homogeneous G-semi- 

n 

invariants, so that D{f{) = \N SS . For each nonempty subset I C {0, . . . ,n} we let Si = {/,; | i € 

i=0 

I}. For any A- module M, we get 

Mj = Res^ (A) olndf ^ (A) (M) = Q Sl (A) ® A M. 

Given I C J C {0, . . . , n}, we get a map Mi — > Mj induced by the natural map Qs T (A) — > Q$j (A). 
We form the Cech complex C* (M) with 

C\M)= J] M ^ 
|J|=k+l 

and differentials defined as in [HI Section III.4]. Note that C'(M) = C'(A) ® A M for all A- modules 
M. As above, if M lies in (A, G) — mod or (A, G, c) — mod, then C'(M) is a complex in the same 
category. 

Theorem 6.8. For every M in (A, G,c) — mod, we have 

(1) tt c M ~ 7r c G*(M), and 

(2) Kr c o7r c (M) ~ G'(M). 

Proof. Let A — mod uns denote the full subcategory of objects with unstable singular support. We 
have a commutative diagram: 

£ x (c) - mod A - mod /A - mod™ 8 

(A, G, c) — mod — A — mod 

with faithful rows. To check that the canonical map n c M — > ir c C'(M) is a quasi-isomorphism, then, 
it is enough to check after applying the functor incl, hence to check that WM ~ WC'(M). Choose 
a finite, free A-module resolution F* — > M where F l = A 1 ' for some index set Ii. We get a map 
JfF' —> nC'(F'), and if this is a quasi-isomorphism (replacing the second double complex by its 
totalization) then the conclusion follows for M. Since both W and G* commute with colimits, the 
quasi-isomorphism for F' reduces to the corresponding statement for A itself. 

Now equip all Qs,(A) with the standard nitrations; we have gr(G*(A)) = G*(gr(A)) and thus the 
associated graded of A -> G*(A)) is the natural map C[W] -> G'(C[W]). The target of this last 
map is a complex of C[W]-modules that computes H'(\N 3S ,0). Since W is affine we have 

supp(ir(\A/ ss , £>)) C \N uns for i > 0, implying 

^^(ConcIA -> G'(A)]) C W uns . 

It follows that 7rA ^> 7fG*(A) is a quasi-isomorphism, proving (1). 
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For part (2), we have: RT c (tt c (M)) ~ RT c (-k c C'(M)) ~ C*(M), where the first isomorphism 
comes from part (1) of the present theorem and the second isomorphism follows from Proposition 
HT71 and Proposition EH 1 ) . □ 

6.5. Rees Modules. Suppose now that M is an A-module equipped with a good filtration. We 
obtain the associated Rees module TZ(M) = ® k F k (M)t k C M[t]. This is an K = 7£(A)-module. 
Each localization Qs{A)®/\M comes equipped with a filtration as well, and 1Z(C*(M)) is a complex 
of graded TvL-modules. Moreover, we have the following: 

Proposition 6.9. 

(1) Tt(C*(M)) is a complex of torsion- free, hence flat, C[t]-modules. 

(2) n{C'{M))/{t - a) ^ C'(M) as 11/ (t - a)K ^ A-modules for every a^Q. 

(3) K(C'(M))/(t) S C"(gr(M)) as C[W]-modufes. 

Here part (3) follows from Lemma IBTIT 4'). 

Corollary 6.10. If M is a (G, c)-equivariant A-module that is finitely generated over A, then 
Kf*7r c (M) /ias cohomologies that are finitely generated over U c . 

Proof. By Theorem l6.8f 2). Lemma [5TTJ2) and Lemma FOl it suffices to show that the cohomologies 
of C'(M) G are finitely generated over U c . By Proposition 16.91 parts (1) and (2), it is enough to 
prove that the cohomologies of lZ(C m (M)) G are finitely generated over 7Z(U C ). By Proposition 16.91 
parts (1) and (3), we can establish this by showing that the cohomologies of C*(gr(M)) G are finitely 
generated over C[ju _1 (0)] G . 

By the hypotheses, M admits a G-stable good filtration F. Since M is (G, c)-equivariant, its 
singular support lies in /U _1 (0). Thus gr F (M) is a G-cquivariant finitely generated C[/z _1 (0)]- 
module. Let p : fi~ 1 (0) ss — > % denote the GIT quotient map; then M = p^fMl^-im)") is a 
coherent O^-module. Since the complex C"(gr(M)) G represents M/* gr(M) and / is a projective 
morphism, the complex has coherent cohomologies. This proves the final statement of the previous 
paragraph, hence the corollary. □ 

Lemma 6.11 (Lemma III. 12.3 of (HI)- Let R be a Noetherian ring and let C* be a bounded-above 
complex of left R-modules such that for each i, H l (C') is a finitely generated R-module. Then 
there is a bounded-above complex L* of finitely generated free R-modules and a quasi-isomorphism 
g : L* —> C* . Furthermore, if S C R is a central subring of R and all C l are flat over S , then for 
any S-module M , the induced map g ® \m '■ L* £§) M — >• C* ® M is a quasi-isomorphism. 

We may apply Lemma r6.11l to 1Z(C' (M)) to obtain a bounded-above complex of finitely generated 
free 7£-modules H* with %' ~ 7Z(C m (M)), compatibly with C[i]-base change. 

There is an TZ- module version of the quantum Hamiltonian reduction functor H c . Namely, the 
module AfJ is naturally a filtered (U c , A)-bimodule, and so TZ(M^) is a graded (1Z(U C ),TZ(A))- 
bimodule. Defining 

U t (-) = K(Mt)® n{A) - 
we get a functor from graded 7?.(A)-modules to graded 7?.(J7 c )-modules. 

Lemma 6.12. For any (G, c)-equivariant A-module M, we have 

M t (TZ{C' (M))) ~ 7e(Kf»7r c (M)) 

as 1Z(U C ) -modules. In particular, 

(1) M t (K(C'(M)))/{t - a) ~ Rf*7r c (M) for all a ^ as K(U c )/(t - a) S U c -modules. 

(2) M t (n(C'(M)))/(t) ~ R/.(gr(M)| x ) for a = as gr(C/ c ) = C[X}-modules. 
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Replacing 1Z(C'(M)) by %' using Lemma IB. Ill we get 

U t (W) ^ K(M*ir c (M)), 

again compatibly with C[t]-base change. Since M t (H') is a complex of modules flat over C[t] and has 
cohomologics finitely generated over 1Z(U C ), we can again replace it with a bounded-above complex 
of finitely generated free 7?.(J7 c )-modules together with a quasi-isomorphism to 7?.(Rf*7r(M)) that 
remains a quasi-isomorphism after arbitrary C[t]-base change. 

6.6. Proof of Theorem 15.51 The homomorphism in the theorem comes from an adjunction mor- 
phism 

£ x (c)^f'RU£ x (c) = f-U c . 
The statement of the theorem is equivalent to this adjunction morphism being an isomorphism in 
D(£ x (c)). It suffices to check that the induced map 

Hom £x{c) (-,£ x (c)) Rom £x(c) (-,f'U c ) 

is an isomorphism for a set of generators of D(£ x (c)): if it is, then the cone of the adjunction must 
be zero. Thus, we may prove the theorem by checking that (|5.1[) is an isomorphism for a collection 
of compact generators of D(£ x (cj). By the proof of Proposition 14.151 the objects (£ x (c) ® x l ){ n ], 
I G Z, generate, and thus in particular it is sufficiently to prove that (|5.ip is an isomorphism for 
objects 7T c (M c (xO)[n]. _ 

Let M = Tr c M[n] S £x(c) — mod, where M = M c (x e ) is equipped with the usual good filtration 
coming as a quotient of A. We have a natural map 

(6.1) RRoir £x{c) {M,£ x (c)) -> RHomc; c (]Rf*M,Kf*^(c)) = RKom Uc (M*M, U c ) 
by functoriality. Wc define 

KHom R(£l(c)) (TZ(M), 1Z(£ x (c))) =MHom K(A) (K(M), Tl(RT c o ir c (M c ))f . 
We then get a natural map 

(6.2) KHom R „ l(c)) (K(M),1l(£ x (c))) -> 

RHom TC(t7c) (RWR,(M),m*n(£x{c))) = RUom K{Uc) (RUTZ(M),n(U c )) 

where the terms in the middle RHom are defined via W t (lZ(C* (—))). All of the R Horns in (|6.ip arc 
naturally right U c - modules (and those in (|6.2[) are right 7?.([/ c )-modules). 

Using Lemma IB. 1H we can replace Rf»7^(M) with a bounded-above complex of finitely generated 
free 7?.(£/ c )-modules, compatibly with C[i]-base change. Then the right-hand side of (|6.2[) naturally 
becomes a bounded-below complex of finitely generated free 72.(J7 c )-modules. Moreover, Rf*7£(M) 
is cohomologically bounded and has finitely generated cohomologies (Corollarv l6.10|) ; since 1Z(U C ) is 
Gorcnstein (Lemma l3.13|) . the right-hand side of (|6.2[) is itself cohomologically bounded with finitely 
generated cohomologies. Thus, applying Lemma I6.111 we can replace the right-hand side of (|6.2[) 
with a bounded-above complex with the same properties. 

We claim next that the domain of (|6.2p can be replaced with a bounded-above complex of finitely 
generated free 7£(J/ c )-modules, compatibly with C[t]-base change, that is cohomologically bounded. 
We use the adjoint pair (7r c ,Rr c ) to write 

RHom TC(£i . (c)) (K(M),K(£ x (c))) = R Hom (R(A) , G!c) (1Z(M), TZ(WT C o 7r c (M c ))) 

= R Hom(K(A),G) (^(A ® x £ )[n],n(Rr c o tt c (M c ))); 

here we have used (|4.4p for AI c (x e ) to obtain the second equality via the adjunction (L$ c , sap c ). 
The right-hand side of (|6.3p is identified with 

RHom R(A) {n{k® X l )[n],n{C'{M c ))) G =n(C'(M c )) G ' x \n]. 
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This is cohomologically bounded with finitely generated cohomologies by Theorem l6.8f 2) and Corol- 
larv 16.101 Thus we may apply Lemma [6T1] to conclude that the domain of (|6.2j) can be replaced with 
a bounded-above and cohomologically bounded complex of finitely generated free 7?.(J7 c )-modulcs. 
This identification is compatible with C[t]-base change by Lemma lfi.lll since 1Z(C" (M C )) G is C[i]-flat. 

Finally, then, we take the cone Cone of the morphism of replacements to obtain a bounded- 
above complex of finitely generated free 7£(C/ c )-modules that is cohomologically bounded. By 
the compatibility with C[i]-base change and Lemma l6.12[ "classical" Serre duality implies that 
Cone/(t) ~ (here we are using Assumptions I3.2f 2a).(2b) to guarantee that the dualizing sheaves 
are trivial). An inductive application of Nakayama's Lemma (Theorem 2.17 of jGW| ) then implies 
that Cone <E>c[t] C[t]( t ) ~ 0. Since Cone is a cohomologically bounded complex of finitely generated 
modules, there is an / £ C[t] \ (i) such that Cone ®c[t] C[t]/ ~ 0; specializing to some a for which 
f(a) ^ gives Cone/(i — a) ~ 0. By the compatibility with C[i]-base change, moreover, Cone/(i — a) 
is quasi-isomorphic to the cone of (|6.1[) . This completes the proof of the theorem. □ 

7. Derived Equivalence 

7.1. Equivalence Theorem. Recall that a functor of unbounded derived categories is said to 
be bounded if it induces a functor from the bounded derived subcategory to the bounded derived 
subcategory. In the case of L/* for a morphism of schemes, for example, this is equivalent to saying 
that / has finite Tor- dimension. 

Given F £ D(U C ), there is an adjunction morphism F Mf*Lf*P. 

Lemma 7.1. The adjunction 

F A MLXPP 

is an isomorphism for all F in D(U C ). 

Proof. Suppose that F is perfect, and write F ~ P* where P' is a bounded-above complex of free 
modules. Then 

Mf*Lf*F ~ M*£x(c) ® Uo P* ~ PV 

Furthermore, both functors 1 and Kf^Lf* commute with colimits. Since D(U C ) is compactly gener- 
ated, every object is a colimit of compact objects (Lemma 12. 6j) . and the lemma follows. □ 

Note that Lemma [7TT1 can be seen as a special case of the projection formula. 
The main result of the paper is the following. 

Theorem 7.2. Suppose that Lf* is bounded. Then: 

(1) The functor f ! preserves coproducts. 

(2) The functors Lf * and Rf* form mutually quasi-inverse equivalences of the unbounded derived 
categories, 

Lf* :D(U c )UD{£ x (c)):RU, 
that restrict to equivalences of the bounded derived categories. 

Part (1) of the theorem is analogous to part of Theorem 1.2 of |LN] (in the commutative case). 

7.2. Proof of Theorem 17.21 We begin with some general facts we will need. 
For a right C/ c -module P, or more generally an object of D(mod— U c ), define 

Lf r * t (P) = tt c (P ku e M t) e P(mod -8 x (c)), 
where n c is the right module analog of the projection functor. 
Lemma 7.3. //Lf* is bounded, so is Lf* t . 
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Remark 7.4. The lemma may be compared with Corollary 17.61 below. Indeed, boundedness of Lf * 
follows if U c has finite left global dimension; and since U c is a noctherian domain, this is equivalent 
to U c having finite right global dimension, which itself implies boundedness of Lf* t . 

Proof of Lemma Assume that Lf* is bounded. Suppose that F is an object of D b {mod -U c ); we 
need to show that Lf * t F is a cohomologically bounded complex. It follows from Lemma [3.131 that the 
Verdicr duality functor H>u c (— ) = M Hom^ (— , U c ) induces an equivalence between D h (mod — U c ) and 
D b (U c — mod), so we may write F = H)u a (F') where F' is cohomologically bounded. Now (applying 
Remark 14.101 to descend Verdier duality to the microlocal category) we have 

D(Lf; t (F)) = Tic RHom A (F % Va M\ , A) 

^ 7r c R Horn U c (F, K HomA (Mj^ , A)) by Adjoint Associativity 
^ tt c R Hom^ (F, M c [-g] ) by Lemma l3~T4l 

~ Tc c M c [-g] ® Ue ® Uc (F) = U*F'. 

Boundedness of F' and Lf* thus together imply that lD | A(Lf* t (i 7 ')) is cohomologically bounded, and 
thus so is Lf* t (F). □ 

Proof of Theorem \7.2\ Suppose that Lf * is bounded. To prove that f ! preserves coproducts, it follows 
from Theorem 5.1 of |Nej that it is enough to show that f* takes a set of compact generators to 
compact objects. 

We will use the compact objects M = £x(c) ®x l = ^(^cix )) from Proposition 14.151 and show 
that, for each such M, Rf*M is perfect; since these objects and their shifts generate, this suffices. To 
prove that Rf*M is perfect, Lemma l2~5l tells us that it suffices to prove that for each right C/ c -modulc 

L 

F. the complex F ® Rf*M is cohomologically bounded. To prove the latter statement, we use the 
Cech complex of M to write: 

F ® Rf.il/ =F ® Uc (Ml ® A C'(Mc{x e ))) 

( 7A ) =(F ®c/ c M]) ® A C*(A) ® A {M c (x e )) 

-Rr c (Lf r * t (F)) ® A (M c ( x e ))- 

We note that we arc entitled to omit taking G-invariants starting from the first line of (|7.1|) by 
Lemma 14.41 since M c (x e ) is (G, c)-equivariant. Since M c has a finite projective A-rcsolution (for 
example by Theorem 2.3.7 of |Bjl| ), the final term in (|7.1|) has bounded cohomology provided Lf* t 
is a bounded functor. By Lemma \7. 31 and our assumption, then, the left-hand side of (|7.ip is also 
bounded. 

Suppose next that statement (1) of the theorem holds. To prove the equivalence statement of 
the theorem, we apply Proposition ^. II Condition (CI) of the proposition is satisfied by Proposition 
I4.13f 3). Condition (C2) of the proposition is satisfied by Lemma [ST1T 4). That condition (C3) of the 
proposition holds was established at the beginning of this proof. Condition (C4) of the proposition 
is satisfied by Corollarv l5.6l Condition (C5) of the proposition is satisfied by Lemma [TTTl Condition 
(C6) of the proposition is satisfied by Proposition ^. 151 This completes the proof of the theorem. □ 

Corollary 7.5. Suppose that \x, X , X, and f : 3L — > X satisfy Assumptions \3.2\ Consider the 
following assertions. 

(1) The algebra U c has finite global dimension. 

(2) The functor Lf* is cohomologically bounded (that is, preserves complexes with cohomologies 
in only finitely many degrees). 
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(3) The functor Lf* induces an exact equivalence of bounded derived categories, 

Lf* :D b {U c )^D b (£ x {c)). 
Then (1) (2) =S> (3). If G acts freely on ^(O) 38 , so X is smooth, then (3) => (1). 

Before proving the corollary, we introduce a general notion. Let C be a triangulated category 
with a i-structure. We will say an exact functor C — > D(Vcctc) is bounded by N if, for all a < b, 
h(C^ ) C ^["-^^^(Vectc). We will say h is bounded if it is bounded by N for some N. 

Proof of Corollary (1) =$> (2) is clear. Theorem Ogives (2) => (3). 

We wish to prove that (3) => (1). Observe that, by [MRl 7.1.8, 7.1.5 and 7.1.10(i)], it suffices 

L 

to show that for all finitely generated L £ U c — mod, the functor — ®u c L : D (U c ) — >■ D(Vectc) is 
bounded. Since U c is Gorenstein, this is equivalent to showing that every RHomj/ c (L, — ) is bounded. 
Via Lf*, this is equivalent to showing RHom^^tL, — ) is bounded for every L e D h (Ex(c)) . Writ- 
ing L = 7r(L) for some L <E (A, G, c) — mod, this amounts to showing that M Hom(A,G,c) (A WT(— )) is 
bounded. By Thcorcm l6.8l and a spectral sequence argument, this reduces to showing that for every 
finite set S of semi-invariants as in Section |6.2[ the functor MHom(x> ;( 3 ;C )(L, js*{— )) with domain 
Qs(A) — mod is bounded. By adjunction and exactness of jig, this is equivalent to proving bound- 
edncss of KHom/g s ( A \ g^Hs^i —)■ Now the bounded follows from smoothness of X by Proposition 
3.1 of [B]2]. □ 

Corollary 7.6. If U c has finite global dimension, then Lf* is an equivalence of categories. 

7.3. Flag Varieties. There is a nice class of algebraic varieties called Mori dream spaces [HKj . which 
includes flag varieties, smooth projective toric varieties, and (more generally) spherical varieties. It 
is shown in |HK| Corollary 2.4] that such varieties arise as GIT quotients of (possibly singular) affinc 
varieties by torus actions. 

We are interested in the case when the Mori dream space is nonsingular, particularly the examples 
of complete flag varieties G/B (which are GIT quotients of the basic affine space G/U by the action 
of the torus H = B/U at a dominant regular character x), and we focus on this last example. We 
intend to return to the more general setting of Mori dream spaces elsewhere. 

There is a standard embedding of G/U in the product V = V\ x • • • x V r of fundamental represen- 
tations of G (here we assume G is semisimple, connected, and simply connected) . Let ir : T* V — > V 
denote the projection. It is easy to compute that, for a dominant regular x '■ H — > G m , the unstable 
locus of the action of H on T*V is exactly 

IJtt X (V1 X ••• X V,_! X {0} X V i+1 X---X V T ), 



and its intersection with tt~ 1 (G/U) is exactly n~ 1 (G/U s G/U). Thus, it is natural to view the 
category of (H, c)-cquivariant crystals on G/U as a natural analog of (T>(Z), H, c) — mod for a smooth 
variety Z, and to generalize our results to crystals to realize C'g/s( c ) — mod as a microfocal category 
£x(c) — mod. 

Although this can apparently be done, it is easier to simply apply Proposition 12.11 directly in 
this setting. Indeed, our proofs above easily adapt (sometimes with far less difficulty) to prove the 
following. We use the standard notation Loc(M) = T>g/bW ®(7 a M in place of Lf* (and MT in 
place of Rf» ) . 

Proposition 7.7. Choose a character A : f) — > C and let D(T> G / B (A)) denote the derived category 
of X-twisted T>-modules on G/B. Then: 

(1) D(T)q/b(X)) is compactly generated. 

(2) MT : D(V G/B (X)) ->• D(U C ) preserves coproducts. 
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(3) MT takes a set of compact generators to compact objects. 

(4) The adjunction 1 — > KT o L Loc is an isomorphism. 

(5) D(T>q/ b (\)) is indecomposable. 

In order to establish a derived analog of Beilinson-Bcrnstein localization, then, all that remains is 
to prove the analog of Proposition 12. If C4) for the generator U\. This can be done just as we do it 
above if (and only if) the derived localization functor LLoc is cohomologically bounded; note that 
the arguments use more familiar technology since the Cech complex, for example, is the usual one. 
Derived localization then follows from: 

Lemma 7.8 ( B MRj . Lemma 3.3.4 and Corollary 3.3.5). The functor Loc = Lf* is cohomologically 
bounded provided A is regular. 

Corollary 7.9 (Derived Beilinson-Bcrnstein). The categories D(T>g/bW) and D(U\) are equivalent 
if A is regular. 

We remark that one — perhaps the only — advantage of this approach (besides the possible con- 
ceptual advantage that, unlike the "classical" proof, we do not use the left .B-action on G/B or 
G/U, only, morally speaking, the i/-action on G/U) is that it seems to be relatively easy to prove 
that Loc is a cohomologically bounded functor when A is a regular weight: cf. the elegant and short 
proof of (BMRj. By contrast, it seems to be no easier to prove that U\ has finite global dimension 
than to prove that localization holds. 

7.4. Wreath Product Spherical Rational Cherednik Algebras. Fix integers £,n > 1 and let 

r) = e 2 ™' 1 . 

Let /j(=Tc SL(2) be the cyclic subgroup of SL{2) generated by the matrix a = diag(?y, i]^ 1 ). 
Let T n = S n l \ie denote the semidirect product of S n and T n ; this is the wreath product of the cyclic 
group. For an element 7 £ and an integer 1 < i < b, write 7, to mean (1, . . . , 1, 7, 1, . . . , 1) £ T n , 
where 7 appears in the ith factor. 

Etingof-Ginzburg |EG| associate to r„ a rational Cherednik algebra defined as follows. The 
elements SijjijJ 1 , 1 < i,j < n, 7 £ y>l \ {1} lie in a single conjugacy class S of symplectic 
reflections in S n I fie- Moreover, for 1 < m < £ — 1, the elements (o~ m )i are symplectic reflections 
lying in distinct conjugacy classes Ce (the class does not depend on i). It turns out that this is a 
complete list of conjugacy classes of symplectic reflections in S n lpe- Choosing k £ C and c £ C , 
we get a function on the set of such conjugacy classes that assigns k to S and c m to (cr m ),;. Writing 
V = (C 2 )™ with basis Xi,yi, the Cherednik algebra Hfc iC is the quotient of T*(V) * (S„ I pa) by the 
relations: 



0, [yi, yj] = for all 1 < i,j < n; 



ViXi - XiPt = I + k^ ^ Sij-fi-y' 1 + ]P c 7 7,; for all 1 < i < n; 
yiXj - Xjyi = -k ri m Stj((J m ) l (<7 m )j 1 for i ^ j. 

m=0 

Writing e = N w for the symmetrizing idempotent, the spherical subalgebra is Ufe c = 

\Snim ^ 

tneS n )/i( 

eH fciC e. 

We recall, following jOllGoj . the construction of the spherical subalgebra of the rational Cherednik 
algebra via quantum Hamiltonian reduction. Namely, let Q be a cyclic quiver with £ vertices and 
cyclic orientation. Choose an extending vertex denoted 0. Let Qoo denote the quiver obtained by 
adding one vertex 00 to Q joined to by a single arrow. Let Q m denote the doubled quiver. Let 
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S = (1, . . . , 1) be the affine dimension vector of Q and let e = erx, + nS, a dimension vector for Qao. 
Let 

e-i 

Re P (Qoo, e) = (0 [J e C" = {(X , *)}. 

r=0 

Let G = ]lr=o GL(n) act on Rep(Q oc , e) by 

(5o,...,ff*-i) ■ (X ,...,^_i,i) = {goXogi 1 , giX 1 g 2 1 , . . . , gt^iXf^ig^ 1 , g i). 

For each (co, . . . ,ci-i) € C e and k 6 C, define a Lie algebra character Xfe.c : g — > C as a sum 

Xfc, c = Xc + Xk by: 



(1) Xc(X , . . . , - E^o °r Tr(X r ), where 



-E 

m— 1 m— 1 



C r = (l - ^ ?7 mr c m ) for 1 < r < £ - 1, and C = (r 1 f 1 - £ 



(2) Xfc(*o,-..,^-i) = A:Tr(X ). 
Let f/fe c denote the algebra associated by quantum Hamiltonian reduction to the G-action on 
W = Rep(Qoo,e) with Lie algebra character Xk,c (note that we are suppressing dependence on n). 
Then: 

Theorem 7.10 ([Go. EGGO]). U-k,- c * s isomorphic to the spherical subalgebra Ufe iC of the rational 
Cherednik algebra Hfe c associated to T n with parameters k, c. 

By Theorem 3.2.3 of |GGj . the moment map for the G-action on W = Rep(Qoo,e) is flat. By 
Lemma [3.91 Assumptions I3.2t 2a).(2b).(3) will hold whenever X — > X is a symplectic resolution. 
See |Go2] for a discussion of the (nonempty) set of characters x of G for which /i _1 (0)/ / x G = 

Hilb n (C 2 //i^), the Hilbert scheme of n points on the smooth surface C 2 //j,£ obtained as the minimal 
resolution of the quotient singularity C 2 //j,i. 

Finally, we need to know for which values of k, c the functor Lf* is bounded. By Theorem 5.5 of 
|Et2| . this fails if and only if (fc, G) is an aspherical value of the parameter. The aspherical values 
are classified by |DG| . Changing notation to be consistent with what we have written above, one 
finds: 

Corollary 7.11 (Theorem 1.1 of [DG] and Theorem II. ip . The quantum Hamiltonian reduction 
algebra U—k,—c has infinite global dimension in the following cases. 

(1) k — *j for integers 1 < u < v < n. 

(2) There exist a partition AeP„, an integer < a < £ — 1, and an integer 6^0 mod £ with 
l<b<a + £(ln(X) - 1) for which 

2b „b- 



T - ([-^} + !) = £ O a - b+s fc(Ai - ln(A)) 



s=l 

In all other cases, U-k.-c has finite global dimension, and hence derived microlocalization holds. 

7.5. Deformation Quantization Modules. As the structure of our proof of Theorem l7.2l suggcsts. 
the strategy used to establish derived equivalences in this paper is applicable in a number of other 
contexts. In this section wc sketch a version of our main result in the context of deformation 
quantization. Sec |KS2j for a general reference in the context of algebroids and [BKj for the algebraic 
case. 

Let /: 3£ — > X be a symplectic resolution of an affine symplectic variety X. By Lemma 13.91 
H 1 (X, Ox) = H 2 (X, Ox) = 0, and therefore X is an admissible manifold in the sense of jBKj . More- 
over if Q(X, Q) denotes the set of isomorphism classes of quantizations of the symplectic manifold 
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(X, fi), then the period map Per: Q(X, fi) — > .ff|)fl(X)[7i] of that paper is surjective, so that one 
even has a canonical quantization corresponding to the (constant) class of the symplectic form in 
H%, R (X)lh]. Let W x be this quantization, and let War = C((h)) <g> C [ ft j W^. 

Mimicking [KR|, we assume that we have a sequence Ci of W^— modules which quantize an f- 
amplc sequence (£i),>o of line bundles on X, and base-change them to Wat-modules. We say a 
Wat-module M is good if it admits a (global) W^-lattice, i.e. a coherent W^-submodulc M' C A/ 
such that Wat Af' = M (cf. also |KR1 IKS2] ). Let Wat-modg 00 d denote the category of good 
Wat-modules, and write (slightly abusively) Wj -mod for the associated ind-category. 

Theorem 7.12. Let Un = Endyv-^Wat). Suppose that Un has finite global dimension. Then the 
functor G(A4) = RHomyy^ (Wat, -M) gives an equivalence between _D & (Wat-mod) and D b (Un,-mod). 

The proof of this theorem involves establishing the conditions (CI) to (C6) of Section [5] in the 
deformation quantization context, exactly in parallel with our proof of Theorcm ll.il 

7.6. Non-AfEne Quantizations. Theorem 11.11 generalizes to non-affme situations in which a good 
quotient (in the GIT sense) exists. More precisely, suppose W is a smooth symplectic G-variety 
with moment map [i : W — > g* and that /i^ 1 (0) comes with a good quotient map q : /i _1 (0) — > X: 
in other words, an affine G- invariant morphism so that qf O^-imj = Ox- Suppose that W comes 
equipped with a filtered quantization A, i.e. a sheaf of filtered rings whose associated graded is Ow, 
satisfying the conditions of Section l3~5l Then U c is naturally defined as a sheaf of rings on X, and the 
microlocal category D(£x(c)) quantizes the GIT quotient X = n~ l {G) x ~ ss // G . An analog of Theorem 
11.11 follows in this setting by standard sheaf properties of DG categories, which in particular yields 
the following implication. 

Theorem 7.13. Suppose that q : /i _1 (0) — > X is a good quotient (in the GIT sense). Suppose that 
fi, X, X, and f : X — >■ X satisfy As sumptions If the sheaf of rings U c is locally of finite global 
dimension and X is smooth, then the functor 

LP : D(U C ) -> D(£ x {c)) 

defines an exact equivalence of bounded derived categories. 

Corollary II .51 provides an application. 
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